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Abstract

Most of existing augmented designs are to add some runs in the follow-up stages.
While in many cases, the level of factors should be augmented and these augmented
designs are called level-augmented designs. According to whether the experimental
domain is extended or not, they can be divided into range-extended and range-fixed
level-augmented designs. For different types of initial designs, the symmetrical and
asymmetrical level-augmented designs are discussed, respectively. Based on the prop-
erty of robustness, a uniformity criterion is a suitable choice to obtain an optimal
level-augmented design when the model is unknown. In this paper, the wrap-around
L,-discrepancy (WD) is chosen as the uniformity measure. We give the expressions
and the tight lower bounds of WD of level-augmented designs under some special
parameters. A method to construct a special case of symmetrical level-augmented
designs is given. Some examples and level-augmented uniform designs are also pro-
vided.

Keywords Level-augmented design - Lower bound - Wrap-around L,-discrepancy

1 Introduction

The follow-up strategy is popularly used in practical applications. It adds a fraction
to the initial design to obtain more information. At the initial stage of an experiment,
the design is chosen as an optimal or nearly optimal under some design criterion.
After analyzing the data of the initial design, the existing data may not be enough to
achieve the intended purpose and hence the follow-up design is needed. For example,
Wang et al. (2010) developed an anvil pre-formed gasket system, and it was necessary
to extend the range of the factor cell pressure-press from the original experimental
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upper bound 6.5 MN into 8.0 MN in the follow-up stage, for increasing the response
the maximum pressure in the conventional anvil-gasket system. Dilipkumar et al.
(2011) studied the effects of different nutrient elements on the inulinase production.
The initial experiment showed that in the follow-up stage the experimental levels
of some important factors should be extended in the initial experimental range for
obtaining higher productivity. It is known that the experimental domain in Wang
et al. (2010) was extended as well as the experimental levels, and the experimental
domain in Dilipkumar et al. (2011) was unchanged while the experimental levels were
extended. We call a design as the level-augmented design, when the numbers of levels
of some factors are augmented. Furthermore, if the experimental domain is extended
in the follow-up stage, the level-augmented design can be called the range-extended
level-augmented design (RELAD), otherwise, the range-fixed level-augmented design
(RFLAD). In this paper, we will consider both the types of RELAD and RFLAD.

In the initial stage and the follow-up stage of many experiments, they often have
no prior information for the relationships between the factors and the response. In
those cases, the uniform designs, proposed by Fang and T. (1980) and Wang and
Fang (1981), are a suitable choice for arranging the experiments. Because of the
robustness and flexibility, uniform designs have been widely applied in manufacturing,
system engineering, pharmaceutics and natural sciences. Its main idea is to scatter
design points uniformly on the experimental domain. A commonly used measure of
the uniformity of a design is the discrepancy. The wrap-around L;-discrepancy (WD,
Hickernell 1998) has been widely used in the literature. Based on the WD, there were
some research of follow-up designs, such as Qin et al. (2013), Qin et al. (2016), Gou
etal. (2018), Yang et al. (2017) and Yang et al. (2019). Qin et al. (2016) used the WD
to measure the uniformity of two-level augmented designs, which added some runs for
the initial two-level designs. Gou et al. (2018) used the WD to measure the uniformity
of mixed two- and three-level augmented designs. Yang et al. (2019) augmented the
number of runs and factors for mixed two- and three-level designs under WD. However,
in those literatures, the number of levels of factors of the added portion is the same
as that of the initial design. In those cases of RELADs and RFLADs, the numbers
of levels of some factors are augmented in the follow-up stages. Under a uniformity
criterion, the added points for each case should be scattered uniformly in the whole
experimental domain coupled with the initial points. In this paper, we discuss the
level-augmented designs under WD including both RELADs and RFLADs.

The rest of the paper is organized as follows. In Sect. 2, the definitions of range-
extended and range-fixed level-augmented designs are given and the corresponding
expressions of WD are derived. Section 3 gives the lower bounds of WD for level-
augmented designs under some special parameters. Section 4 presents a method to
construct one kind of level-augmented designs where the parameters satisfy some
conditions. We also show some examples in this section. Some conclusions and dis-
cussions are summarized in Sect. 5. All the proofs of the theorems are given in the
Appendix. In the supplementary materials, we show the proofs of all the proposi-
tions, some additional results and some uniform and nearly uniform level-augmented
designs.

@ Springer



Level-augmented uniform designs 443

2 Level-augmented designs

Some notations are given first. A design D(n; g1, ..., ¢) 1s an n X m matrix X =
(x¥1,...,Xn), each column x; takes values from {1, ...,¢;},i = 1,...,m. If some
gi’s are equal, we denote it as an asymmetrical design D(n; q{‘, ..., qs"), where
m =Y i_, ri. If all the g;’s are equal, we call this design as a symmetrical design and
denote itas D(n; ¢™). Denote all of the D(n; ¢™) and D(n; q', ..., q5*) by D(n; ¢™)
and D(n; q|', ..., g5"), respectively. If each level in each column of D(n; g1, . . ., gm)
occurs equally often, we call it U-type design and denote it as U (n; q1, - . ., ). The
U-type design U (n; ¢g™) and U (n; qlrl, ..., qs*) can be defined similarly, as well as
the U(n; ¢") and U(n; q?, ...,qsr“). For each design d € U(n; q;', ...,qsr“), the
n runs of d can be transformed into the n points on C” = [0, 1]" by mapping
fxik = Cxir — D/Qqr),i = 1,2,...,n; k =1,2,..., m. The squared WD-
value of d € U(n; g7, ..., qs") is

A"l ey (3
WDQ(d)=—<§) +n—ZZZH<§—|uik—ujk|(1—|u,-k—u,»k|>), ey

i=1 j=lk=1

where ujr = Qxip — 1)/Qqx), i = 1,2, ...,n,k=1,2,...,m.

Given an initial design dy, the follow-up stage may not only add additional runs
but also augment the number of levels of some factors.

It will be shown that the number of levels of the m factors in d affects the property
of the augmented design. In practical applications, for RELADs, the augmentation
of the number of levels is often augmented by one, such as Wang et al. (2010). For
RFLADs, we fix the experimental range, the augmentation of the number of levels
may be larger than one, such as Dilipkumar et al. (2011). Let n; be the number of
the added runs, m; and m, be the number of factors which need not to and need to
augment the number of levels, respectively. Then, we focus on those cases and give
the definitions of the two types of level-augmented designs.

Definition 1 (1) Anaugmented design D| = (dg le)T e Um+ny; (g+1)™)iscalled
the symmetrical RELAD, if the initial design do € U (n; g2 (g + 1)"!), the follow-up
staged| € D(ny; (g + D™)and m = m| +my. Let L.(n +ny; (g + 1)™) denote all
the symmetrical RELADs. The design D, = (dg le)T eUn+ny; ¢ (g+ 1))
is called the asymmetrical RELAD, if dy € U(n; g) andd| € D(ny; g™ (g +1)"?).
Let L.(n + ny; g™ (g + 1)™2) denote all the asymmetrical RELADs.

(2) An augmented design D] = (dg le)T € Un +n1; 2+ q)™) is called the
symmetrical RFLAD, if the initial design dg € U(n; 2™2(2 + ¢)™!), in which the
levels {1, 2} become {1,2 + ¢} for the m, level-augmented factors, the follow-up
staged; € D(ny; 2+ ¢)™) andm = my +my. Let Ly (n +ny; (24 ¢)™) denote all
the symmetrical RFLADs. The design D), = (dg le)T eUn+n;; 2™ 2+q)™)is
called the asymmetrical RFLAD, if dy € U (n; 2™), in which the levels {1, 2} become
{1,2 + g} for the m, level-augmented factors, and d| € D(ny; 2™ (2 4+ ¢)™?). Let
L+ ny; 2"(2 + g)™?) denote all the asymmetrical RFLADs.

To understand Definition 1, we give an example as follows.
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Example 1 Suppose the initial design do € U(6; 2'3%) is

1111
1222
1333
2123
2231
2312

do =

We add an additional portion d| € D(3; 3%) as follows,

3132
d=|3213
3321

Inthiscase,n = 6,n1 = 3, m; = 3,my = 1, g = 2. We augment the number of levels

of the m» factors from two levels to three levels by adding #n| runs. Then we expand

the experimental range and D| = (d g d 1T)T is the symmetrical RELAD. Moreover,

given dy, we transform d into d, by Definition 1(2) and add an additional portion
|, where

1111

1222

1333 o (2132

dy=|3755| @=(2213
2231 2321
3312

In this case, n = 6, n; = 3, m; = 3, my = 1, g = 1. We fix the experimental
range and add three points in the domain. Then D} = (d] d{")7 is the symmetrical
RFLAD.

From Definition 1, for both range-extended and range-fixed cases, the sym-
metrical level-augmented design augments the initial mixed-level design to the
symmetrical design through augmenting the number of levels, and the asymmetrical
level-augmented design augments the symmetrical initial design to the asymmetri-
cal design. Generally, a level-augmented design can augment an initial design in
Un; gy, gs) toadesigninU(n +ny; (g1 +1)", -+, (gs +15)™) with 1 > 0.
We only consider the special cases in Definition 1 since they are common in practice.
The RELADs augment the number of levels of the m, factors from g to g + 1 levels,
which means that each of the experimental range of those m factors is extended. The
RFLADs augment the number of levels of the m, factors from 2 to 2 4 g levels. How-
ever, the levels {1, 2} turn into {1, 2 4 g} for the initial portion and the added portion
takes values from {1, 2, ..., 2 + ¢}. Hence the experimental range is not changed for
these factors. Usually, m, may be 1 or 2.

Note that for all the cases, the initial designs and the resulting augmented designs
are required to be U-type designs owing to its good property. Then, the number of runs
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n and n1 in the initial design and the follow-up stage may have some requirements.
For example, for the (¢ + 1)-level symmetrical RELAD Dy, let the initial number of
runs n = ky - g(q + 1), where k; is a positive integer, and the number of the added
runs n; = nyy + ni2, where nj; = n/q, n12 = k> - (¢ + 1) and k» is a nonnegative
integer. For the asymmetrical RELAD D;, let the initial number of runs n = k3 - ¢,
where k3 is a positive integer, and the number of the additional runs ny = ny; + npo,
where n11 = n/q, n12 = k4 - (¢ + 1) and k4 is a nonnegative integer such that ny/q
is also a nonnegative integer. For the (2 + ¢)-level symmetrical RFLAD D, let the
initial number of runs n = /1 - 2(2 4 ¢), where /; is a positive integer, and the number
of the added runs n; = ny; + nyp, where nyy = q - (n/2),n12 =1 - (2+¢q) and I
is a nonnegative integer. For the asymmetrical RFLAD D), let the initial number of
runs n = I3 - 2, where /3 is a positive integer, and the number of the additional runs
ny = nyy +nia, where nyy = q - (n/2), n1a = Iy - (2 + q) and l4 is a nonnegative
integer such that n1/[2(2 4 ¢)] is also a nonnegative integer. Moreover, it should be
mentioned that the restriction of level-augmented designs to be U-type designs can
be relaxed, i.e., one can augment any number of runs n; based on the initial design.
In the rest of the paper, we will consider the cases when level-augmented designs are
U-type designs.

Definition2 (1) A level-augmented design from L.(n + ny; (g + 1)) or L.(n +
ni; ¢ (g 4+ 1)™2) is called the range-extended level-augmented uniform design, if it
has the smallest WD-value among L.(n+ny; (g +1)") or L.(n+ny; g™ (g +1)"2).

(2) A level-augmented design from Lr(n +n1; 24+¢g)") or Le(n +np; 2™ (2 4
q)"™?) is called the range-fixed level-augmented uniform design, if it has the smallest
WD-value among L¢(n +n1; 2+ q)™) or Ly(n+ny; 2" (2 4 q)™?).

From the analytical expression of the squared WD-value in (1), it is easy to see
that the WD-value is only a function of the products of al’Fj = lujp — ujk|(1 — |uj —
ujrD),i,j=1,...,n,i # jandk =1, ..., m.Foranyi and j, denote the distribution
of {afj, k=1,...,m} by Fl‘}‘ According to Fang et al. [8], when ¢ is even, the
afj—values can only take ¢/2 + 1 possible values, i.e. 0,2(2g — 2)/(4¢%), 4(2q —
4)/(4g%), ..., q*/(4g?); when q is odd, they can only take (g + 1)/2 possible values,
ie 0,22 —2)/(4¢%),42q —4)/(4qg?), ..., (q — 1)(g + 1)/(44g>). It implies that
the expressions of WD for the level-augmented designs shall vary with the parity of
q. For both range-extended and range-fixed cases, we obtain the expressions of the
squared WD-value of the symmetrical and asymmetrical level-augmented designs as
follows.

2.1 Range-extended level-augmented designs

We first give the expression of the squared WD-value of a symmetrical RELAD in
Proposition 1.
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Proposition 1 For any symmetrical RELAD D € L.(n +ny; (g + D™), if q is even,
we have

iVD2Uh)=-—(i)m4———l——-<§>m
3 (n+np) \2

1 n n q/2 3 2[(2(q+1)_21) Pijl
+m[2 2 ﬂ(z‘w) §

i=1 j(£)=11=0
ﬁ 3 2r(2(g + 1) — 2r) \ T
2 4(q + 1)?

r=0
n+ni n+ni q/2 3 2[(2(q+])_2[) (pz{jl

2 2 G- )
i=n+1 j(#i)=n+11=0

ﬁ<3 m@@+n—%»%’

2
L o\2 4(g+ 1)
n  ntn; q/2 Vij
30 20Q2(g + 1) — 2\ "
230 3 (5 PAE )T
i=1 j=n+11=0 2 Hg+D
ﬁ 3 2rQg+ 1) —2n\" ]
1113 4(q +1)? ’

if q is odd, we have

oo (0 s
3 (n+n1)\2

non (@+D)2 i
1 30 20Q2(q + 1) —20)\?!
+m[z 2 1 (5_ 4(g + 1)? ) :

i=1 j(t=1 1=0
(??23 2r(2(q + 1) — 2r) \ "
2 4(g +1)?

r=0
n+ny n+ny  (g+1)/2 (3 2002+ 1) — 2[)>¢z{jl
=0

+y ) > 2
i=n+1 j(#i)=n+1 2 He+1)

<qﬁ/2 <3 2r(2q +1) - 2r)>*?ﬂ

2 4(g +1)?

r=0
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n  n+n; (g+1)/2 Vii
3 20Q2(qg +1) =21 it
+ ZZ Z < _ (2(q ) )) «

i=1 j=n+1 =0 2 4q +1)?
(KI+1)/2 3 2r(2(q + 1) _ 2}") ‘[[j,
[1 <§ Y 2 ) } 2)
g+1

r=>0

Define ¢ = q/2 and (q + 1)/2 for even q and odd q, respectively, Y ;_, ¢iji = m1,
Zi:o)‘ijr =m, @jjo = #k tuy =ujr, k=1,2,...,m}, giji = #k: Oll’.{j =

202 1)-21
%,kzl,l...,ml},l:1,2,...,C,A,~j0:#{k:u,~k:u.,-k,k:ml—i—

1,...,m},kij,=#{k:afj:%,k:ml—i—l,...,m},r:1,2,...,cf0r
C C

i, jEi)=1,2,....n; Z‘/’,{jl =my, X%)k;jr = my, <plfj0=#{k Sui = uj, k=
=0 r=|

1921-"7m1}; (plljl =#{k:al]3 e w,kz l,2,...,ml},l = 1,2,...,6,

4a+D” 2r(2 2
_ o — 1y — _ .k 2rQ2(g+1)—=2r)
)»fjo—#{k-btzk—M]k,k—ml-l-l,---,m},)»;j,—#{k-Ol,-j—%, =
C
ml+15"'7m}7r:152""7Cf0ri7j(;éi)=n+17""n+n1;ZvijZZmly
=0
C
Yo Tijr = mo, vijo = #k up = uj k= 1,2, my}, v = #k 06,{} =
r=0
20(2(g+1)—21
%,k:l,2,...,m1},l=1,2,...,c,r,~j0=#{k:u,~k=ujk,k=m1+
1,...,m},r,-jr=#{k:a;‘j=%,k:ml—i—l,...,m},r:1,2,...,cf0r
i=12,....n,j=n+1,...,n+ny, and #{S} is the number of elements in the set
S.

The proof of Proposition 1 is given in the Supplementary Material Al. Hereafter,
we will use the parameters defined in Proposition 1. In practical applications, mixed
two- and three-level designs and mixed three- and four-level designs are commonly
used for the initial designs, so the corresponding symmetrical RELADs are valuable.
For three-level RELAD, the expression of the squared WD-value is given in Corollary
1. In addition, the corresponding expression of WD for four-level RELAD is given in
the Supplementary Material B1.

Corollary 1 For any initial design dy € U (n; 2™23™1) and the corresponding symmet-
rical RELAD D € L.(n + ny; 3™), we have

WDX(Dy) = (‘—‘)m PRI (§)m
3 (n+np) \2

1 n n 3\ ¥ijotAijo /03 Mitma—¢ijo—hijo
+(n+n1)2 [Z Z <§> <1_8)

i=1 j(#i)=1

n+ng n+nj . +)L/.. mi+moy— . A
3 ‘pzjo ijo 23 1 2 g01]0 ijo
XY (G)(E)

i=n+1 j(#i)=n+1
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nntnj Vijo+Tijo /93N MHm2=Vij0—Tijo
=232y (5)7 () e

i=1 j=n+1

Similarly, we can also derive the expression of the squared WD-value for the asym-
metrical RELAD as follows.

Proposition 2 For any asymmetrical RELAD Dy € Lo(n+ny; g™ (¢ + 1)™2), ifq is
even, we have

WD*(Dy) = — <L—1)m P (E)m
Y= 3 (n+ny)

L9203 212g — 21)\ P
o (2,2, G- 2557)

i=1 j(#i)=11=0
ﬁ 3 2rQ2g+ 1D =20\
HAa Ag+1)2

n+ng ntny  q/2 !
n Z Z H<§_2l(2q 2[))“’/1

i=n+1 j(#i)=n+11=0

ﬁ (g 2@+ D - 2r)>%’-jr
2 4g+1)?

r=0
n n+n; q/2 Vi
3 22 20)\ "t
+2Z Z H( ( C] )) %
i=1 j=n+11=0
ﬁ 3 2@+ D =20\
s 2 4(q +1)? ’

if q is odd, we have

WD*(Dy) = — <f>m SR <§>m
3 (n+ny)

no @D s a0 — 21\ @it
fats (S S (2 Ry,

i=1 j(#i)=1 [=0
@tz (3 2rQ2g+ 1) — 2r)>)”"f’
H 2
112 g+ 1)
n+ny n+nj -1)/2 .
3 20(2q —20)\ i
DIEDY H (3- 2 2)"

i=n+1 j(#i)=n+1 [=0
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arh (3 2r(2q + 1) — 2r>>%’-ﬁ-

2
0 2 4(g+1)
n  n+ny (g—1)/2 vij
3 21Q2q —2D)\"!
3D I [ ERE R
— q
i=1 j=n+1 [=0
”ﬁ/z 30 2rQq 4 1) —27)\ @
"o 2 4(g + 1)2 ’

The proof of Proposition 2 is given in the Supplementary Material A2. In addition,
two-level and three-level initial designs are also widely used in practice, hence we give
the expression of the squared WD-value for mixed two- and three-level RELAD in
Corollary 2 and the corresponding expression of WD for mixed three- and four-level
RELAD is shown in the Supplementary Material B2.

Corollary 2 For any initial design do € U (n; 2™) and the corresponding asymmetrical
RELAD D) € L.(n + ny; 2™3™M2), we have

WD*(Dy) = — (i) SR <§>
3 (n+np) \2

1 n n 3 $ijotAijo 5\™M1—%ijo /23 m2—Aijo
+(n+n1)2 |:Z Z <§> (Z> <§>

i=1 j(#)=1

n+ni n—+ny . +)\’.. m|— . m —)L/--
3 (plj() ijo 5 1 (pljo 23 2 ijo
2y ()70 6

i=n+1j(#i)=n+1

n_ontn Vijo+Tij mp—vjj my—7j
3 ijOTTij0 5 1 ijO 23 27150
13935 € R € N € N A

i=1 j=n+l
2.2 Range-fixed level-augmented designs

For the symmetrical RFLAD, we give the expression of the squared WD-value as
follows.

Proposition 3 For any symmetrical RFLAD D} € Ly(n+ny; 2+ q)™), if q is even,
we have

WD(D}) = — (i‘) L <§>
3 (n+np) \2

1 n n 3 Aijo 3 q+1 Aij1
+<n+m>2[Z 2 <5> (5_(q+2)2> )

=1 j#=1
"/ﬁl 3 20Q2(g +2) -2\
1112 4(q + 27
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+ HZM nil qﬁl 3 202 +2) —2r)\ ¥
2 x
2 4(qg +2)2

i=n+1j(£i)=n+1 1=0

Wﬁ' (3 2r(2(g +2) — Zr)))‘l,'jr

2 4(q + 2)?

r=0

n n+n; q/2+1 Vi
3 2r(2(g +2) —2r)\ "
22 2 1l (5_ X 12)? ) .

i=1 j=n+1 1=0

Wﬁ‘ <§ 2r(2(q +2) — 2r)>r’f’i|
2 4(g+2? ’

if q is odd, we have

WD(D!) = — (‘_1> L (3)
3 (n+ny)

g+1 Aij1
<n+m>2[Z Z () (2 <q+2>2> *

=1 j(#h=1
S
-0 2 4(g +2)
n+ny  n+n; (@+D/2 /.
3 2rQ2(g +2) —2r)\ Y
a2l (-5 g
i=n+1 j(#i)=n+1 (=0
(qﬁ/ 2030 2rQUq +2) — 2\ i
0 2 4(q +2)2

n  n+ny (g+1)/2 Vi
3 2@ +2) —2r)\ !
22 I G-

i=1 j=n+1 [=0

("ﬁ/ ? (3 2rQg+2) - 2r))fffr
2 4(q +2)2 '

r=0

(6)

The proof of Proposition 3 is given in the Supplementary Material A3. If the initial
design is a mixed two- and three-level design, the expression of the squared WD-
value of the symmetrical three-level RFLAD is the same as (3). In addition, if the
initial design is a mixed two- and four-level design, which is also commonly used in
practice, the corresponding expression of WD for four-level RFLAD is shown in the

Supplementary Material B3.

Similarly, we can obtain the expression of the squared WD-value for the asymmet-

rical RFLAD as follows.
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Proposition 4 For any asymmetrical RFLAD D} € Ly(n+n1; 2" (24+q)™), ifq is
even, we have

WD*(D)) = — (‘—L) P (E)
3 (n +n1)

Gij0 (SNPUL (3NMI0 13 (g + 1) \ !
(n+n1)2[2 > <> () <5> (5 (q+2)2>

=1 j(#i)=1

. ”f:' ”i' 3\ %o (5% (qﬁ/z 3 2 Q2g +2) —2r)\ i
2 4 112 4q+2)7

i=n+1 j(#i)=n+1

n  n+ng vijo 5 Vij1 (g+2)/2 3 2r(2(q+2) 2,.) Tijr
SEE T )

i=1 j=n+1 r=0

if g is odd, we have

WD*(D}) = — (i>m P (E)m
2= 3 (n~|—n1)
Pijo 5\ %ijl /73 Aijo 3 (g+1) Aijl
a2 2 GGG

i=1j#Fi)=1

n nil nil 3\ Yo (5% (qﬁﬂ 3 2r2(g+2)—2r) Xijr
2 4 2 4(q +2)?

i=n+1 j(#i)=n+1 r=0
n  n+np Vijo /5 Vij1 (g+1)/2 3 2r(2( _ Tijr
q+2)—2r)
SEE OO )] o
i=1 j=n+1 r=0 2 4(q+2)

The proof of Proposition 4 is given in the Supplementary Material A4. In addition,
two- and three-level and two- and four-level RFLADs are also worthy to be discussed.
As similar as the symmetrical case, the expression of the squared WD-value for the
asymmetrical two- and three-level RFLAD is the same as (5), and the expression of
WD for the two- and four-level RFLAD can be found in the Supplementary Material
B4.

3 Lower bounds of level-augmented designs

Based on the expressions of WD for RELADs and RFLADs, one wants to search
uniform design under some given parameters in practice. Thus it is necessary to derive
the corresponding lower bound, which is the benchmark for searching uniform designs.
In this section, we give the lower bounds of WD for symmetrical and asymmetrical
level-augmented designs under some special parameters.
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For any initial design do € U(n; 2"™23™1), we can add n| runs to obtain a sym-
metrical RELAD Dy € L.(n + ny; 3™) or RELAD D| € L¢(n + ny; 3™). Since the
expressions of the squared WD-value for those cases are the same, the corresponding
lower bound of WD for the three-level RELAD and RFLAD is also the same and we
obtain the lower bound as follows.

Theorem 1 For any symmetrical range-extended level-augmented design in L,(n +

ni; 3™) or a symmetrical range-fixed level-augmented design in L y(n + ny; 3™), the
lower bound of the squared WD-value is

LBW; = — 4 m+—1 3\
b <§> (n+n1)<§>

(n73)m|+(n72)m2 2nmq + nmy
1 ( 1) 3 3(n—1) 2(n—1) 23\ 3@=D T 2m—D
+ —— | nn — - -
(n+np)? 2 18
iy =3) | Bryy gD+ -3l 2nym) +(3n%,3n%l,n%2)m2
( 1) 3 3(ny—1) 3ny(np—1) 23 3(np—1) 3ny(np—1)
+ni(ng — = —
2 18
+n]zmz mp(3ny—nyp)

3 T+ 23 T4 mlg)

Vll ,)11
2 - — . 8
cn(z) T (®) ) ®

This lower bound can be achieved if all its Fl‘}‘ distributions, i # j, are the same.

The proof of Theorem 1 is given in the Appendix. Theorem 1 shows the lower
bound for three-level level-augmented design. In this case, each Fl‘j‘ distribution can
be uniquely determined by the Hamming distance. The Hamming distance between
the two rows is defined as the number of places where the two rows take different
values. Thus the condition that all Fl.‘; distributions are the same is equivalent to that
this level-augmented design is a Hamming-equidistant design.

In addition, for any initial design dg € U (n; 2™), we can add n; runs to obtain
an asymmetrical RELAD D; € L.(n 4 n1;2"3"2) or RFLAD D) € Ly(n +
ny; 2™3™2), Similarly, the expressions of the squared WD-value for them are the
same. Then the same lower bound of WD for the asymmetrical two- and three-level
RELAD and RFLAD is shown in the following theorem.

Theorem 2 For any asymmetrical range-extended level-augmented design in L,(n +
ny; 2"13M2) or asymmetrical range-fixed level-augmented design in Ly(n + ny;
2M13M2) " the lower bound of the squared WD-value is max{LBW,, LB WZ,}, where

LBW,;

B ﬂ m 1 E m
() +mm )

(n—=2)m (n—=2)myp nmy nmy
1 1) 3\ 2Zo-D T 20 [/5\26-0 [/23\ Zn-D
T 2 4 18
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my(n1=2) | Baypy—D+@p=3)njolm (3"%*3"%1 *n%z)mz
3 2(n—1) + 3ny(ny—1

X ey 2 5\ 7m0 /23\  men=h
+ni(n —1) 3 1 3

my | monyp 3nymy—monyo
3\
+2nny | =
2

my

3 5\ 2 /23\ " S

NONG I ©
LBW,; can be achieved if all its Fl‘;‘ distributions, i # j, are the same, and

/ 4\
LBW, = — <—>
3
1 5\ [23\"2 oL &2 1\ [ 4\’
(n+ny)- \4 18 l J 5 23

i=0 j=0
(10)

which was obtained by Chatterjee et al. (2005). Here, 6;; = (n+n1)gij +1ij(gij+ 1),
and hij = 2'37, g;; is the largest integer contained in (n +n1)/h;j, lij = (n+ny) —
hijgij, 0 <i<my,0<j<mn.

The proof of Theorem 2 is given in the Appendix. Similar to the discussion in Fang
et al. (2018), L BW, is often larger than LB Wz’ and is easier to reach for saturated or
supersaturated designs, while L BW) is often larger than L BW, and is more suitable
for evaluating the uniformity of designs with large n 4+ and small m. Moreover, even
under the given parameters, the lower bounds of level-augmented designs in Theorems
1-2 may not be attainable. When the parameters meet the conditions in Theorem 1 or
Theorem 2, the lower bounds of the corresponding level-augmented designs can be
obtained directly.

4 Construction method

In this section, we give a method to construct three-level level-augmented designs.
In the construction method, we utilized the results in Fang et al. (2005) that a
three-level Hamming-equidistant design is also a uniform design under WD. The
Hamming-equidistant design can be obtained only when some specific conditions for
the parameters in Theorem 3 are satisfied. Assume that only one factor augments the
number of levels, i.e. m>» = 1. Let 1, 2 and 3 denote the ng x 1 vectors of 1s, 2s and
3s, respectively. The following steps can be used to construct the three-level RELAD
Dy and RFLAD D).

Step 1. Given a three-level design d € U (ng; 3°);
Step 2. Let¢™(d) =d + 1(mod 3) and ¢~ (d) = d + 2(mod 3);
Step 3. Let the initial mixed two- and three-level design have the form dy =

<1d d d )
2d ¢t(d) o~ (d))

Step 4. Choose the additional portiond| = (3 d ¢~ (d) ¢t (d)) to obtain the sym-
metrical
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RELAD D, = (d} d7)",
Step 5. Change the vector 2 in dy into the vector 3 to obtain d|, and choose the
additional portion

d) = (2d ¢ (d) ¢7(d)) to obtain the symmetrical three-level RFLAD

Dj = (g af)".

In the construction method, the number of the added runs ng is the minimal value
that makes the resulting level-augmented design to be a U-type design. Hence it is
reasonable to consider this case for saving cost. When the parameters satisfy some
limitations which are shown in the following Theorem 3, three-level level-augmented
designs D and D) constructed by the above method have good uniformity.

Theorem 3 (1) Consider the initial design dy € U(2ng; 2'330) constructed by a
uniform design d in U(ng; 3™°), as in Step 3 of the construction method, where my =
(no—1)/2. If 2ny = 2 - 31t > 2 and 3my + 1 = m, then we add the additional
portion dy in D(ng; 3'3™0). The resulting three-level RELAD Dy in L.(3ng; 3™) can
be a Hamming-equidistant design and hence the lower bound given in Theorem 1 is
reachable.

(2) If a three-level RELAD Dy in L. (3no; 330~D+Y) is constructed by d, a uniform
design inU(ng; 3" ~1Y), then the distribution of any two rows of Dy is nearly the same,
i.e. the difference of the Hamming distance of any two rows in Dy is not more than
one.

The proof of Theorem 3 is given in the Appendix. Compared with Dj, the RFLAD
D constructed by Step 5 of the construction method just exchanges the position of
the vectors 2 and 3, hence it shall lead to the same results as in Theorem 3. In addition,
in Step 3 of the construction method, it is necessary to verify whether dy is a uniform
or nearly uniform design or not. We first choose a uniform or nearly uniform design d
in U4(9; 3"°) from the web http://web.stat.nankai.edu.cn/cms-ud/, where mg can take
different values. Then we construct do with 18 runs and 3mq + 1 columns using d and
calculate the value of W D?(dg). According to the expression of the lower bound of
WD for mixed-level designs in Zhou et al. (2008), we calculate the value of L B(d)
and use the efficiency Desr(do) = LB(do)/W D?*(dy) to measure the uniformity of the
constructed design. Then, we use the constructed d to construct D with 27 runs and
3mo + 1 columns by Step 4 of the construction method. By the formulas in Theorem
1, we calculate the lower bound of D and measure the uniformity of D; by the
efficiency Degr(D1) = LB(D1)/ W D?%(D,). The results are shown in Table 1 where
m1 = 3mg. From the 4th and 6th columns of Table 1, most of the efficiencies are
larger than 99% and both dy and D| become more and more uniform as the number
of m increases. Thus it shows that both the constructed initial design do and the
level-augmented design D have good uniformity if d is a uniform or nearly uniform
design. When m| = 12 and my, = 1, D reaches the lower bound of WD and is a
level-augmented uniform design. It meets the requirements of Theorem 3(1). When
m1 = 6 and my = 1, the efficiency of D is relatively small since Theorem 1 is more
applicable to saturated or supersaturated designs.
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Table 1 The values of W D2(dg), Degr(do), W D%(Dy) and Dege(D1)

m WD?(dy) Def(do) WD?(Dy) Desr(Dy)
mi my

6 1 1.0042 0.8836 0.7825 0.9053
12 1 11.6351 1.0000 9.3820 1.0000
18 1 137.9057 0.9754 107.0072 0.9787
24 1 1.5090x 103 0.9977 1.1263x 103 0.9982
30 1 1.6932x10% 0.9911 1.2177x10% 0.9923
33 1 5.6434x10% 0.9942 3.9997x10% 0.9951
36 1 1.8835x10° 0.9972 1.3185x10° 0.9979
45 1 7.1209% 10° 0.9973 4.8587x 100 0.9978
51 1 8.0544x 107 0.9981 5.4435x107 0.9985
57 1 9.1342x 108 0.9988 6.1377x 108 0.9991

Next, we give an example to illustrate the usefulness of the construction method,
in which all the mentioned designs are shown in Example 1.

Example2 Given d = (1 2 3)7, then ¢t (d) = 2 3 DT, ¢~ d) = 3 1 2)7,
and we construct the initial design dg by Step 3. According to the expression of
the squared WD-value for mixed two- and three-level design in Fang et al. (2018),
W D?(dy) = 0.2571 and its efficiency Deff = 99.92%, which shows that the initial
design is a nearly uniform design. Based on Step 4, we get the additional portion d
and Dy = (dg le)T is the symmetrical RELAD. By Step 5, we can also get d(, and
d|. Then D| = (dyf d]")T is the symmetrical RFLAD. According to Corollary 1,
both WD2(D;) and WD2(D/1) are equal to 0.1837, which reaches the lower bound
in Theorem 1. Hence D and D] are the symmetrical range-extended and range-fixed
level-augmented uniform designs, respectively.

Given the initial design, if the conditions in Theorem 3 are not satisfied, the con-
struction method may not work and the threshold accepting algorithm may be a suitable
choice. It was widely used to search uniform designs, see Fang et al. (2003), Winker
and Fang (1997). Its main idea is as follows. Given an initial design and the neigh-
borhood, each iteration of the threshold accepting algorithm selects a new design
randomly in the neighborhood of the current design. If the difference between the
WD-value of the new design and that of the current design is less than or equal to a
given threshold 7; in the ith iteration, then the current design is replaced by the new
design. The threshold 7; is a nonnegative number and decreases to zero. The threshold
accepting algorithm is a fast global searching method and can find the uniform or
nearly uniform level-augmented designs. The following example is an asymmetrical
case in which the designs are searched by the threshold accepting algorithm.

Example 3 Consider the following initial design do € U(8; 2%),
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1111
1221
1212
1122
2211
2121
2112
2222

do =

According to Fang et al. (2003), WDz(do) = 0.4142 and dy reaches the lower bound
of WD in/(8; 2*). By the threshold accepting algorithm, we add the additional portion
di(e D(4;3%) as

3212
3122
di=13111]

3221

and Dy = (d] d])7 is the asymmetrical RELAD. In addition, we change the initial
design to d6, whose last three columns are the same as d(, and the first column is
(1,1,1,1,3,3,3, 3)T. We use the threshold accepting algorithm again to add the
additional portion as

2112
2222
2211
2121

and D) = (d 6T d ’1T)T is the asymmetrical RFLAD. According to Corollary 2, both
W D%(D,) and WDZ(DQ) are equal to 0.3542, which reaches the lower bound given
in Theorem 2. Thus D; and D), are the asymmetrical range-extended and range-fixed
level-augmented uniform designs, respectively.

In addition, Table 2 also presents the summary of some uniform or nearly uniform
level-augmented designs. The initial designs are all uniform designs or nearly uniform
designs. The last three symmetrical level-augmented designs are constructed by the
construction method and the rest of the designs are selected by using the threshold
accepting algorithm. The last two columns show the squared WD-values and the effi-
ciency of the level-augmented designs, respectively. It can be seen that the efficiencies
of all the level-augmented designs are high and most of them are larger than 97%. All
the level-augmented designs in Table 2 are listed in the Supplementary Material C.

5 Conclusion
In this paper, we discuss the level-augmented designs under WD. The level-augmented

designs are applicable and useful when the number of the levels of some factors needs
to be augmented in the follow-up stage. Based on the change of the experimental range,
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Table2 Summary of some uniform or nearly uniform level-augmented designs

Initial design Level-augmented design wD? Dett
U4;2%) Dy (6:2231), D)y(6;2231) 0.1889 1.0000
Dy(6:213%), D) (6:213%) 0.1507 0.9768
U(8; 2% Dy (12;223%), D) (12;2232) 0.3051 0.9725
Us;27) D,(12; 231, D) (12;2631) 1.6911 0.9846
D)(12:2°3%), D) (12;233%) 1.5580 0.9718
U@8; 2% Dy (12;21331), DS (12;21331) 34.0169 0.9919
D>(12; 21232, D) (12;21232) 32.7958 0.9900
U12; 211 D,(18; 21931, D/ (18;21031) 9.4113 0.9823
D;(18;293%), D) (18;2932) 8.8924 0.9798
U(12;2%2) Dy (18;22131), D) (18; 22131) 690.3619 0.9970
D,(18; 22032), D} (18; 22032) 675.9174 0.9951
U(16; 28) D>(24;2731), D} (24;2731) 2.5874 0.9961
D>(24;2032), D), (24; 2632) 2.4086 0.9834
U(16; 219) D>(24; 21431, D)y (24; 21431) 44.6417 0.9616
Dy(24;2133%), D)y (24;21332) 42.9649 0.9547
U (16; 230) D, (24:2%3Y), D) (24;22931) 1.2858x10% 0.9981
Dy (24;22832), D (24; 22832) 1.2704x 10* 0.9949
U(18; 21312y D1(27:313), D} (27;313) 9.3820 1.0000
U(18;21318) Dy (27319, D} (27;319) 107.0072 0.9787
U (54; 21340y Dy (81;34), D (81; 3% 1.8098x 107 1.0000

the level-augmented designs can be divided into range-extended and range-fixed level-
augmented designs. From different types of initial designs, we define symmetrical and
asymmetrical level-augmented designs for both range-extended and range-fixed cases.

The expressions of the squared WD-value for these level-augmented designs are
derived. The lower bounds of WD for range-extended and range-fixed level-augmented
designs are also obtained under some special parameters, which can be used as the
benchmark for constructing level-augmented uniform designs. Moreover, we give a
method to construct a special case of symmetrical level-augmented designs. In order
to reduce the computational complexity, a further interesting question is to study
a method to construct the general level-augmented designs. In addition, the level-
augmented designs which contain both range-extended and range-fixed cases are also
important, but more complex. It is beyond the scope of the current paper but worthy
for further investigations.

Supplementary Materials

The proofs of all the propositions and the additional results are provided in the sup-
plementary materials.
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Appendix

In order to prove Theorems 1 and 2, we give the following lemmas first. The proofs
of Lemmas 1 and 2 are straightforward and are omitted.

Lemma 1 For any symmetrical RELAD Dy € L.(n+ny; 3™) or symmetrical RFLAD
D} € Ly(n+ny;3™), we have

MY Y wjo= "“”(" <2>Z Z hijg = 2 T2 ’”2”("_2)

i=1 j#i=1 i=1 j#i=1
n+ni n+ni m I’ll(l’l 3)
1 1 —

B Y T ="

i=n+1 j#i=n+1

n+ni n—+ni (n 3)n

12 12

“ Z Z )»ljo = [nu(nu -1+ f} my,

i=n+1 j#i=n+1

n n+nj minny n  n+np monn o
(S)Z_Z Vijo = —— (6)_2_2 Tijo = ———

i=1 j=n+1 i=1 j=n+l1

Lemma 2 For any asymmetrical RELAD D, € L.(n + ny; 2™ 3"2) or asymmetrical
RFLAD D) € Ly(n+ ny; 2™ 3™2), we have

MY Y ao=""0"2 3 3w = "2

i=1 j#i=1 i=1 j#i=1
n+ni n+ni min (n 2)
inp\ny —

B T e=m

i=n+1 j#i=n+1

n+ni n+ni (n ’ 3)n 5

1 1

@Y D M= [m(m—le}mz,

i=n+1 j#i=n+1

n n+nj minny n n+nj monn
®Y D vio="5—© > mo="7—.

i=1 j=n+1 i=1 j=n+1

Proof of Theorem 1. Based on Lemma 1, similar to the proof of Theorem 2.1 in Fang
et al. (2005), we can obtain the result of Theorem 1 easily. A symmetrical RELAD
Dy € L.(n 4+ ny;3™) or a symmetrical RELAD D) € Lf(n + ny; 3™) is a uniform
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design under WD, if all its Fl.of distributions, i # j, are the same. In this case, the
WD-value of this design achieves the lower bound. O

Proof of Theorem 2. Based on Lemma 2, similar to the proof of Theorem 1, we can
obtain the result of Theorem 2. O

Proof of Theorem 3. (1)Denote (1 d d d )asdojand (2 d ¢t (d) ¢~ (d) )asdoy.
According to Fangetal. (2005), sinced = (d;;)1<i<ng,1<j<m, 18 a three-level uniform
design, it is also a Hamming-equidistant design and the coincidence number of any
two rows in d is Ag = mo(no — 3)/[3(np — 1)]. The coincidence number between
two rows is defined as the number of places where two rows take the same value.
The condition ng = 3!, > 2, ensures that A¢ is an integer and the design d is
available. Then, d( is also a Hamming-equidistant design with coincidence number
of any two rows being 31g + 1. According to the definitions of ¢ (d) and ¢~ (d)
in Algorithm 1, they are obtained by the permutation of the levels of d. Hence both
the coincidence numbers of any two rows in d( and in d; are also 319 + 1. For
i=1,...,ng,the ithrows of d, ¢ (d) and ¢~ (d) are different from each other and
thus the coincidence number of any two among the ith rows in doy, dop and d, is
my, the number of the columns of d. The condition mg = (ng — 1)/2 implies that
mog=3r+ 1.Forl <i # j < no,letNiCj ={kl|di =djr,k=1,...,mo}and
N!} ={l,....mo} — Nfj.Forany k € N; and 1 <i < no,d, ot (dir) and ¢~ (d;y)
become different from each other. However, for any / € Nl.};. and 1 <i # j < ng,if
d j; is one more than or two less than d;;, ¢+(de) #djand ¢~ (dj) =dj;ifdj
is two more than or one less than d;;, ¢+(dj1) =d;; and ¢~ (d ;) # d;;. Hence the
coincidence number of the ith row in d1 and the jth row in dy is also mo(= 31+ 1)
for 1 <i # j < ng. By similar arguments, we can obtain the same results for do; and
dy, as well as dop and d|. Therefore, the resulting three-level level-augmented design
D1 is a Hamming-equidistant design and hence the lower bound given in Theorem 1
is reachable.

(2) Similar to the proof of (1), since d is a uniform design in U (ng; 3"~ 1), it is also
a Hamming-equidistant design and Ag = (no — 3)/3. Since d is a U-type design, ng
must be a multiple of 3 which ensures that 1 is an integer. The coincidence numbers
of any two rows in dg, do2 and d| are np — 2(= 3%o + 1). For 1 < i < nyg, the
coincidence number of any two among the ith rows in dg1, do and d, is ng — 1, the
number of the columns of d. For 1 < i # j < nyg, the coincidence number of the ith
row in d¢; and the jth row in d(y is ng — 1, which is also true for dy; and d, dp and
d;. Hence for D, the difference of the Hamming distances between its rows is not
more than one. For both (1) and (2), the corresponding arguments for D} are similar
to the case of D and we omit it. O
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